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A Proposed Entry Vehicle Dynamic Model
A. A. KIRSCH*

General Electric Company, King of Prussia, Pa.

A theory is proposed in this paper which provides an explanation and a mechanism for the dynamic stability
problem of re-entry vehicles. The approach is based on the random fluctuating surface pressures present in the
boundary layer when boundary-layer transition moves on to the vehicle aft end. These fluctuating pressures,
when integrated circumferentially, produce a net fluctuating lateral load and therefore a fluctuating moment
about the vehicle e.g. which can tune with the fundamental re-entry vehicle pitch frequency and feed energy into
the system. The vehicle then becomes unstable and diverges. It will be shown that with this formulation there
now exists a mechanism which can make flight vehicles enter the divergence region, as well as, exit; a require-
ment not fulfilled by any of the theories proposed to date, except hypothetically. In addition, the magnitude
of the angle-of-attack divergence can potentially be predicted prior to flight with this technique. The present
analytical model was applied to flight vehicles having no unusual configuration characteristics which could
drastically perturb the local flow conditions. The results indicate extremely good correlation with flight data
whether the vehicles are sharp or blunt, small or large, and for all types of heat shields.

Nomenclature
A*. = aerodynamic restoring moment, ft-lb
B& = aerodynamic damping moment, ft-lb-sec
Ci9C2 = coefficients
CD = drag coefficient
Cmoc = static stability derivative, 1/rad
Cmtl + Cmoc = dynamic stability derivative, 1/rad
CW = normal force coefficient slope, 1/rad
£>REF = reference length, ft

f(XCG, X09 ©c) = function defined in Eq. (A, 15)
/ = vehicle mass moment of inertia, slug-ft2

L = vehicle length measured from apex, ft
M = vehicle mass, slugs
M(t) = time dependent pitching moment, ft-lbs
in = mass addition rate (m/pooUooSRE¥)
PRMS = root-mean-square fluctuating, psf, pressures based

on boundary-layer edge properties
&p(X9 ®, t) = random fluctuating surface pressure, psf
#00 = freestream dynamic pressure, psf
Qx

2 = power spectral density of the pitching moment,
ft-lb/rad/sec

R = local vehicle radius, ft
•SREF = reference area, ft2

*7oo = freestream velocity, fps
Uc = convection velocity, fps, (Uc = 0.6 to 0.8 Ue)
Ue = boundary-layer edge velocity, fps
XCG — e.g. measured from apex, ft
Xo = location of transition front measured from apex,

ft
oc = angle of attack, rad
^ RMS = root-mean-square angle of attack, rad
©c = cone half-angle, deg
SB* = boundary-layer displacement thickness at vehicle

base, ft
®oc = power spectrum of angle of attack, (rad)2/rad/sec
$12 = cross spectrum of pressures, (psf)2/rad/sec
O ' ' = power spectrum of pressures, (psf)2/rad/sec
<»o — vehicle pitch frequency, rad/sec

I. Introductionr is well known thatre-entry vehicles (Rj F's) exhibit periods
of dynamic instability resulting in angle-of-attack excur-

sions. This is illustrated in Fig. 1 where angle-of-attack
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Fig. 1 Angle of attack divergence for various ablating R/V's
maximum envelopes.

divergences and reconvergences are shown for a typical
nonablator, a low ablator, and a high ablator. These in-
stabilities are known to occur for sharp and blunt cones, small
and large R/V\ low and high WjCDA vehicles, and R/V's
with stable stability derivatives.

As a result of this unstable behavior and its possible detri-
mental effect on the operational performance parameters, a
concentrated effort was undertaken throughout the aerospace
industry1"5 to understand the causative factors producing this
instability phenomenon; various hypotheses and theories were
proposed during the last decade to provide an explanation.
Possible causes and analytical approaches conducted to date
to provide an explanation to various instances of the over-all
divergence problem are presented as follows: 1) nose
breakage, nose and structural resonance; 2) pitching moment
hysteresis, vortex shedding and separation at high angle of
attack; 3) roll effects, higher order and nonlinear terms in the
equations of motion; 4) unstable dynamic damping coefficients
(Cmq -f Cmi); 5) boundary-layer transition effects (m effects);
6) pressure response lag in boundary layer; and 7) asymmetric
transition and nonlinear Cm and CN due to mass addition.

The majority of these methods are inadequate for flight
vehicle instability predictions. While some of these parameters
may aggravate or relieve the stability problem, they are not
believed to be primary causative factors.6

A theory is proposed in this paper which does provide an
analytical solution and a plausible mechanism to one type of
dynamic stability problem of re-entry vehicles and which should
help explain heretofore unexplained motion perturbations at
transition.
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Fig. 3 Method of approach.

Fig. 2 Total angle of attack histories—maximum envelopes.

n. Method of Approach

It is presently believed that there are two basic and distinct
mechanisms producing vehicle dynamic instability. The first
has been observed in fully laminar flow and the second during
boundary-layer transitional flow as shown in Fig. 2. The
proposed solution will be concerned only with the phenomenon
in transitional flow.

It was very convenient that some of the highly divergent
vehicles did not roll, thereby reducing the unwieldy six degrees-
of-freedom equations of motion to an approximate single degree
of freedom pitch equation

= total pitching moment (1)

The fundamental question was posed as to what mechanism
could perturb this equation and create an instability. There
are two basic types of dynamic instability that could produce
the divergent motions observed in flight. The first is a self
sustained type of oscillation (flutter) as a result of rigid body
mode coupling between aerodynamic and inertial para-
meters. This type of dynamic instability was eliminated
because the aerodynamic coefficients were not considered to
vary to such an extent as to produce instability.6

The second and most plausible type of dynamic instability is
of the forced variety which arises from externally applied
loading. Such a loading can be obtained from the random
fluctuating pressures that are present in the transitional and
turbulent boundary layers. These pressures are essentially
nonexistent in laminar flow.7 This explanation is consistent
with vehicle instabilities occurring in the accepted boundary-
layer transitional flow regime.8'9 These pressures begin to
affect the motion as soon as the transition front moves onto
the vehicle aft surface as shown in Fig. 3. The significant and
most important fact is that the pressure fluctuations give rise to
a local fluctuating force and therefore moment about the
vehicle center of gravity.

Introducing the instantaneous total pitching moment from
Fig. 3 including quasi-static aerodynamics into Eq. (1) yields:

(2)

where

Ir r^D ~ ^Nac
L 21 Mf/oo

The forcing function M(t) in Eq. (2) is actually a randomly
applied time dependent moment resulting from the random
boundary-layer fluctuating pressures

M(t) = f 2n C R(X) \Jo J*0 LxCG -
0)

where the integration is performed from the transition front
X0 to the vehicle base L. The time variation of the pressures,
&p(X, O, t), are essentially nonexistent in laminar flow (X0 ^ L)
but will be present as soon as the transition front moves onto
the aft surface (X0<L).

For a statically and dynamically stable vehicle, Eq. (2) will
become unstable if the forcing function M(t) resonates with
the fundamental R/V pitch frequency. The power spectrum
of fluctuating pressures in transitional and turbulent flow
does contain pressures that are fluctuating at frequencies in
tune with the vehicle motion frequency and thus can produce
instability. This is analogous to buffeting and ground wind
loads generated on launch vehicles. Ground test data in
Fig. 4 clearly indicate that the root bending moment (system
response) due to ground wind loads (random input due to
fluctuating pressures) on axisymmetric launch vehicles is
random in magnitude, but in tune with the fundamental system
frequency. * ° Vehicle response due to random buffeting loads
produces similar results .ll

Because of the random nature of the problem, the solution
of Eq. (2) will be obtained in the frequency domain (as opposed
to the conventional time domain) in which only the mean
square response can be evaluated utilizing the power spectral
density methods of generalized harmonic analysis.12"14 The
conversion of Eq. (2) into spectral terms leads to the following
spectral equation for the angle of attack response

1
[1 - (0,/CO,)2]2

REF. NASATND-1893

1.1 SEC

(4)
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Fig. 4 Ground-wind loads on axisymmetric launch vehicles.



DECEMBER 1973 A PROPOSED DYNAMIC STABILITY SOLUTION 769

And the mean square angle of attack response is obtained by
integrating Eq. (4) over all the frequencies

oc^ = (5)

An approximate solution to Eq. (5) has been developed in
the appendix and yields

^-^[^H

(6)
This is the mean square angle of attack to which the R/V

will diverge during transition. The total vehicle angle of
attack is then

oc = OC MOTION +3(OC2)1/2 (7)

A 3a root-mean-square (RMS) value is utilized which
implies that 99.73 % of the time the peak oscillating angle of
attack, due to fluctuating pressures only, will be less than the
3or value. It is assumed that the oscillatory angle of attack
has a normal distribution. The RMS value of the angle of
attack response is then equivalent to the standard deviation (a)
since the mean is zero. It should be noted that by including
tolerances on the aerodynamic terms, larger values of the total
angle of attack (OCT) could be obtained. The nominal values
have been utilized in this analysis.

Equation (7) indicates that an oscillating re-entry vehicle
which is stable in laminar flow (ocRMS = 0) will incur an
angle-of-attack divergence in transitional and turbulent flow
whose magnitude is directly dependent on the various
parameters shown in Eq. (6). The validity of the proposed
dynamic stability theory as a technique for predicting R/ V
instability during boundary-layer transition will be discussed
below.

in. Discussion of Results

END OF P - RMS PRESSURE FLUCTUATION
TRANSITION Kmi AT EDGE OF BOUNDARY LAYER

PROBABLE PROFILE
FOR ACTUAL VEHICLE
(SEE FIGURE 6)

PROFILE FOR INSTANTANEOUS
TRANSIT I ON FROM LAMINAR •
TO TURBULENT FLOW

0 1 2 3 4 5
RATIO OF EDGE REYNOLDS NUMBER TO EDGE REYNOLDS NUMBER AT END

OF TRANSITION. R ,"el
ke TRANSITION

Fig. 5 Root-mean-square pressure fluctuation profiles.

coefficient (Cmq + Cm±). Preflight prediction of these co-
efficients should include estimates of the effects of mass
addition, nose bluntness, and possibly asymmetric transition
since these could influence their magnitudes.

Fluctuation Pressure Levels

The RMS fluctuating pressure /?RMs is one of the more
critical parameters influencing the magnitude of oc 2 in Eq. (6).
It is also the most difficult one to predict because of the limited
acoustic pressure data available at hypersonic speeds. Theo-
retical predictions have been developed15 for smooth nonablat-
ing surfaces in fully turbulent flow. This would assume that
the transition profile from laminar to turbulent flow occurs
instantaneously as a step function as indicated in Fig. 5. In
this same figure is also shown the transition front as it may
occur on an actual vehicle. This curve is based on the RMS
pressure fluctuations profiles of Fig. 6 obtained with a flush
mounted surface microphone on a smooth nonablating sharp
Bc = 5° model.7 Other areas in which there are little or no
data available for evaluation are the effects of mass addition
and roughness on these fluctuating pressures.

An inspection of Eq. (6) reveals that the mean square angle-
of-attack divergence is a function of many variables such as:
fluctuating pressure level, configuration and size, heat shield
material, transition progression, and static and dynamic
stability coefficients (steady pressure). These effects and others
not immediately apparent will be discussed with respect to
flight observed instabilities.

Effect of Dynamic Pressure

Flight data of many highly divergent R/Vs have indicated
that divergence and reconvergence can occur prior to peak
dynamic pressure. It was concluded that the effect of dynamic
pressure should not be a first-order contribution to vehicle
dynamic instabilities. The proposed theory as well should be
independent of dynamic pressure. For instance, the root-
mean-square (RMS) fluctuating pressure pRMS«q<*> and
AK w #«> while B& « #oo/t/oo, which upon substitution into
Eq. (6), will make the mean square angle-of-attack response
independent of both the dynamic pressure q™ and the free-
stream velocity U<x> since Uc ~ U«>.

Effects of Static and Dynamic Stability Coefficients

It is noted from Eq. (6) that the magnitude of the angle-of-
attack divergence is inversely proportional to both the static
and dynamic stability coefficients. Thus, an increase in Cmoc

will decrease oc* while a decrease in Cmoc will increase the
magnitude of oc 2. The same is true for the dynamic stability

MICROPHONE

1 0 01 _ TRANSITIONAL
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** 0.006

0.004 h

2.0x10°

0.002

(R/lN)8

I 1.
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Fig. 6 RMS Pressure fluctuation profiles.
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Fig. 7 Effects of mass addition on boundary layer displacement
thickness and RMS fluctuation pressure.

Effects of Mass Addition on SB*

The boundary-layer displacement thickness SB* is another
critical parameter influencing the magnitude of oc2 in Eq. (6).
The effect of mass addition is known to increase the boundary
layer displacement thickness SB* on the vehicle surface.
Theoretical calculations16 produced the results in Fig. 7
which show a nearly linear variation with the integrated mass
addition rate m in fully turbulent flow. These curves should
be upgraded with available test data.17 For the present
illustration, the analytical results in Fig. 7 are considered
adequate.

There are no fluctuating pressure data known that includes
mass addition with the exception perhaps of results obtained
in subsonic flow1 8 and presented in Fig. 7. It appears that
mass addition to the boundary-layer increases the RMS
pressures /?RMs which would again increase oc 2. For sim-
plicity and until data become available with respect to mass
addition and also roughness in hypersonic flow, it is assumed
that PRMS varies identically as 8B* as shown in Fig. 7.

Transition Front Progression

The validity of the present proposed theory given by Eq. (6)
is now tested by requiring that flight vehicles enter the diver-
gence region as well as exit for a transition front progressing
from the vehicle base to its nose. This is accomplished
through the function f(XCG, X0, Oc) in Eq. (6). This function
has been crudely evaluated in the Appendix to illustrate its
behavior with transition front movement. Figure 8 presents
results for two sharp cone vehicles with semiapex cone
angles of ®c = 5° and 10° and typical e.g. These results
were obtained by numerically integrating Eq. (A15) in the
Appendix with d = 0. It should be noted that the magnitude
and shape of this function will be affected by both the pres-
sure fluctuation and boundary-layer displacement thickness
profiles presented in Fig. 5 and given by <Eq. (A10), respec-
tively. For illustrative purposes, however, the results in
Fig. 8 are adequate.

The behavior of f(XCG, X0, 0C) when introduced into
Eq. (6) demonstrates that while the transition front is off the
vehicle base (X0 ^ L\ the function f(XCG, L, 00) = 0, and
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|
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0.016

0.2 0.4 0.6 1.0
TRANSITION FRONT XQ/L

Fig. 8 Axial attenuation function /(Xcg, X0, ©c)

there is no angle-of-attack divergence. The RMS pressure
PRMS = 0 as well, in laminar flow. When the transition front
moves onto the vehicle aft surface (X0 < L, pRMs ^ 0),
an angle-of-attack divergence will ensue which increases in
amplitude following the trend of f(XCG, X0, ©c). This is
followed by a decrease in amplitude (according to Fig. 8)
as the transition front progresses past the e.g. until it reaches
the nose where it will have negligible influence on the magni-
tude of oc7. The function f(XCG, X0, Oc) = 0 while ^RMs ̂  0
when the transition front reaches the vehicle nose. Thus, both
entry and exit of the vehicle into the divergence region are now
accounted for.

For a specific vehicle, the time required for transition to
move from the vehicle base to the nose is of great importance
since it will influence the maximum angle of attack to which
the vehicle will diverge. For instance, if the transition front
traverses the vehicle rapidly, there should be insufficient
time for the vehicle angle of attack to build up to its maximum
potential value, as determined by Eq. (6). If, on the other
hand, the transition front traverses the vehicle slowly, then
there will be ample time for the angle of attack to build up to its
maximum amplitude. Equation (6) is valid only for the
latter case and cannot account for a time dependent transition
front movement.

IV. Correlation with Flight Data
Calculations were conducted on the same R/V's shown in

Fig. 1 applying Eqs. (6) and (7). The resulting angle-of-
attack histories are presented for the nonablating beryllium
heat shield in Fig. 9, for the low ablating carbon phenolic
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Fig. 9 Angle of attack divergence for nonablator beryllium heat
shield.
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, 10 Angle of attack divergence for low ablator carbon phenolic
heat shield.

fluctuating pressure mechanism accounts for the R/V exit as
well as the entry into the angle-of-attack instability region;
2) preflight angle-of-attack perturbations due to pressure
fluctuations can be calculated without recourse to the more
grossly empirical (Cmq-\- Cm±) stability coefficients; 3) the
present theory appears to correlate with both high and low
ablators and other data indicates that it is also applicable to
both large and small R/V9s.

Appendix

The simplified pitch equation of motion including the effects
of fluctuating pressures acting on the vehicle surface in
transitional and turbulent flow Fig. 3 is

= J | dM(t) (Al)

The spectral equation for the angle-of-attack response
utilizing the power spectral density methods of Ref. 16 for
instance is

1
""/Wttl-l )2]2 + m (A2)

which yields the mean square angle of attack after integration
over all the frequencies

___ /• oo

OC 2= *0
Jo

da> (A3)

5 24
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Fig. 11 Angle of attack divergence for high ablator phenolic nylon
heat shield.

Thus, it is only necessary to evaluate the function Qx
2

given by
pL r>L p2n r2n

= O12cos2@ccosO2cos@i
JXn JXn JO Jo

(A4)
where

dA2 =
R(X2)dX2d®2

COS©C COS@C

heat shield in Fig. 10, and for the high ablating phenolic nylon
heat shield in Fig. 11. It is observed that correlation of the
present theory using Eqs. (6) and (7) with flight data is
generally excellent in trend but appears to be slightly low in
magnitude.

There can be large tolerances associated in the preflight
prediction of parameters such as 8B*, RMS pressures ^RMS
which require local flow properties at the boundary-layer edge.
There are also uncertainties associated with nose shape changes,
bluntness ratio, mass addition, and the effect of asymmetric
transition which is known to have a large influence on the
RMS pressures ^RMS-

The preceding point out that both ground and flight tests
are required to verify the many parameters affecting the angle-
of-attack divergence given by Eq. (6).

V. Conclusions

The proposed theory is believed to provide a basic and more
general contribution to the solution to the dynamic instability
problem of R/V's during transition because: 1) the present

(A5)

Equation (A5) is the cross-spectrum of pressures at two
different points (X2, Y2) and (Xi, Yi) on the surface.

i
(A6)

Equation (A6) is the power spectrum of pressures at a
given point on the surface. Since the convection velocity
Uc is very large in hypersonic flow and only freuqencies co in
the order of the vehicle pitch frequency w0 are of concern, the
term cos[a)(X2 — Xi)IUc] = 1 and a)8x*/Uc = 0. The power
spectrum of pressures ®(a>,X) may be considered as the
product of two functions, namely

where
= (2/7r)(SB*

(A7)

(A8)

(A9)
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Both the boundary-layer displacement thickness 8X* and
the RMS fluctuation pressure PXKMS are functions of the axial
distance (see Fig. 5).

Estimates of the boundary-layer displacement thickness in
turbulent flow have shown the following functional relation-
ship with axial distance16:

(A10)

where
and == X0/L

The cross-spectrum of pressures given by Eq. (A5) taking
into account the axial variations is now
<D12 =

(All)

where for conical bodies Y2 = R(X)®2 and Y± = R(X)®!.
The coefficients Ci and C2 are determined by empirically

fitting the cross-correlation function with data. Values of
Ci =0.05 and C2 =0.6-1.0 yield good data matching.

It has been assumed up to this point in the development that
the transition front is symmetrical. While the solution to the
problem is affected by asymmetric transition due to angle of
attack for instance, the added complexity resulting from asym-
metric transition is not justified at this time. It is nonetheless
recognized that inclusion of this effect may be not only desir-
able but required for accurate quantitative predictions.

Substituting Eq. (All) into Eq. (A4) and integrating
circumferentially by carefully taking into account the absolute
sign shown in the exponential function yields for turbulent
boundary-layer pressure fluctuations in which R(X)/8X* > 1

(A12)

The function g(X) was determined from

-n."
which for R(X)/SX* > 1 simplifies to

(AU)

(A14)

Substituting Eq. (A 14) into Eq. (A 12) and nondimension-
alizing with R(X) = rjRB and dX = Ldrj there results

.8(1-1/0)

l-ri PR PRMS

As observed in Fig. 5, the RMS fluctuating pressure ratio
A2 RMS is a function of the axial distance considering the fact
that the Reynolds number varies with axial distance along the
body surface.

Integration of Eq. (A15) is performed numerically from the
transition front to the vehicle aft end. It should be noted that
turbulent flow is assumed to begin at T]O according to Eq.
(A10) and that no moment contributions arise when
as shown in Fig. Al.

17- X/L •

Fig. Al Axial variation of RMS pressure and boundary-layer
thickness ratios.

For simplification Eq. (A15) is defined as
9 X,BC) (A16)

where the function f(XCG, X0, @c) is obtained by integration of
Eq. (A15). Since f(XCG, X0, @c) is independent of the fre-
quency, the mean square angle of attack can be determined
from Eq. (A3) utilizing Eqs. (A16) and (A2). The resulting
mean square angle of attack is

——-, 277

A^B* x _ _, L .
(A17)

The preceding results were obtained from the following
integrations performed on Eq. (A2)

(A18)

which upon substituting Eq. (A8) yields the term given by
the bracket in Eq. (A17).
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Application of Sequential Filtering to Estimation of the
Interplanetary Orbit of Mariner 9

KENNETH H. ROURKE* AND JAMES F. JoRDANf
Jet Propulsion Laboratory, Pasadena, Calif.

This paper presents the results of the application of sequential filtering to the determination of the inter-
planetary orbit of the Mariner 9 spacecraft. The technique is a specific extension of the Kalman filter. The
special problems associated with applying this technique are discussed and the particular algorithmic imple-
mentations are outlined. The method is compared against the weighted least squares filters of conventional
application. The results reveal that relatively simple sequential filter configurations yield solutions superior
to those of the conventional method when applied to radio measurements of Mariner 9.

Nomenclature
X = spacecraft position vector
V — spacecraft velocity vector
u = spacecraft nongravitational accelerations
Z = F(X, V, t), observational data vector
s = observation error
x = [(X- Nominal)1', (V- Fnominal)r]T position and ve-

locity, i.e., "state" deviation vector
z =Z — Znominai, observational data deviation vector
(• )r = transpose operation
Tk = filter batch break times
xk = x(Tk), discretized state
®(Tk+l9 Tk) = dxk+±/dxk, state transition matrix
r(!Tfc+i, Tk) = dxk+i/duk, acceleration transition matrix
zk = [zTOi), ..., z (tnk)]T

9 Tk <t±9 ..., tnk < Tk+l9 data
vector for data in batch [Tk, Tk+1]

Ak = dzk/dxk, state data partial derivatives
Bk = 8zk/duk, acceleration data partial derivatives
Ai? = velocity increment vector
B • T = component of spacecraft asymptotic miss vector in

the ecliptic plane
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B • R = component of spacecraft asymptotic miss vector
normal to the ecliptic plane

Aa = spacecraft acceleration correction model

Introduction

OVER the past decade the navigation of the United States'
interplanetary spacecraft has relied almost exclusively

on Earth based radio orbit determination. Radio orbit deter-
mination accuracies have improved by more than an order of
magnitude during the last 10 years; from the errors of 1300
km encountered during the Mariner 2 mission to Venus in
1962, to the 50-km errors experienced in navigating Mariner
9 to Mars in 1971.

These performance improvements have been brought
about by the concurrent improvements made in the quality
of the basic radio orbit determination data types, range and
range rate, now accurate to 15m and 1 mm/sec, respectively.

The remaining errors which affect the accuracy of inter-
planetary orbit determination are uncertainties in the meas-
urement and spacecraft dynamics models which produce
range change errors when matching passes of tracking data
to estimated orbits.

A major error arises from the diurnal range change due to
uncertainties in the tracking stations' Earth-fixed coordinates.
Indeed, uncertainties in the locations of the tracking stations
are the principal limitation to determination of spacecraft
geocentric angles from single passes of tracking data. Cur-
rent station location errors of 3-7 m, which include the equiva-
lent effects of both charged and neutral particles on the radio
signal, can produce orbit estimate errors of approximately
100-200 km at typical Earth-Mars encounter distances.1


